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Abstract

Higher–dimensional theories imply that some constants, such as the gravitational con-

stant and the strength of the gauge–couplings, are not fundamental constants. Instead they

are related to the sizes of the extra–dimensional space, which are moduli fields in the four–

dimensional effective theory. We study the cosmological evolution of the moduli fields ap-

pearing in brane world scenarios and discuss the implications for varying constants.

1 Introduction

Theories based on the idea of extra dimensions predict the existence of scalar fields (also called
moduli fields), which are related to the size of the higher–dimensional space. Classically these
fields do not have a potential, but they might acquire one due to supersymmetry breaking or
quantum mechanical effects. However, a potential does not necessarily guarantee stabilization of
the fields.

From the phenomenological point of view there are motivations to study the cosmological
evolution of moduli fields. First, it is well known that in scalar–tensor theories of gravity there
exists an attractor mechanism which drives the theory towards general relativity [1]. Thus, it
might well be that such attractor solutions exist for moduli fields in higher dimensional theories as
well, which would drive the theory towards those points in moduli space which are consistent with
observations. Another motivation is the claim of a varying fine–structure constant made in [2].
If this observation is confirmed, this would point towards a theory in which some of the moduli
fields are not stabilised but are dynamical at least during some part of the cosmological history.

In this paper we consider a class of brane world models and the cosmological evolution of moduli
fields. In particular we discuss which constants necessarily vary in the brane world context. We
begin with a description of the effective theory in four dimensions.

2 The Effective Theory at Low Energies

We consider a five–dimensional theory with two branes and a bulk scalar field. The bulk scalar
field induces tension on each branes with the same amplitude but with different signs (U1 = −U2)
(see Figure 1).
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Figure 1: The five–dimensional setup consists of two boundary branes and a bulk scalar field
with bulk potential U . Furthermore, the scalar field induce a brane tension on each branes with
opposite signs.

At low energies, the action can be obtained using the moduli space approximation and we
found [3] that the theory can be described by the following action (written here in the Einstein
frame):

SEF =
1

16πG

∫

d4x
√
−g

[

R− 12α2

1 + 2α2

(∂Q)2

Q2
− 6

2α2 + 1
(∂R)2

]

−
∫

d4x
√
−g(Veff(Q, R) + Weff(Q, R))

− S(1)
m (Ψ1, A

2(Q, R)gµν) − S(2)
m (Ψ2, B

2(Q, R)gµν). (1)

In this expression, Q and R are two scalar degrees of freedom with potential energies Veff and

Weff . S
(i)
m denote the matter action for each matter types.

The cosmological evolution equations can found to be:

H2 =
8πG

3
(ρ1 + ρ2 + Veff + Weff) +

2α2

1 + 2α2
φ̇2 +

1

1 + 2α2
Ṙ2. (2)

where we have defined Q = exp φ. The field equations for R and φ read

6

1 + 2α2

[

R̈ + 3HṘ
]

= −8πG

[

∂Veff

∂R
+

∂Weff

∂R

+ 2α
(1)
R (ρ1 − 3p1) + 2α

(2)
R (ρ2 − 3p2)

]

(3)

φ̈ + 3Hφ̇ = −8πG
1 + 2α2

12α2
[
∂Veff

∂φ

+
∂Weff

∂φ
+ 2α

(1)
φ (ρ1 − 3p1) + 2α

(2)
φ (ρ2 − 3p2)]. (4)

Finally, the coupling parameters are given by

α
(1)
φ = − 2α2

1 + 2α2
, α

(2)
φ = − 2α2

1 + 2α2
, (5)

α
(1)
R =

tanhR

1 + 2α2
, α

(2)
R =

(tanhR)−1

1 + 2α2
. (6)

2



104 102 1
1 + z

0.2

0.4

0.6

0.8

1

R

Figure 2: Evolution of the field R during radiation and matter dominated epochs for the case of
no matter on the negative tension brane.

There is an obervational constraint for models described by an action like the one above [4],
namely the parameter θ, defined by

θ =
4

3

α2

1 + 2α2
+

tanh2 R

6(1 + 2α2)
(7)

has to be less than 10−3. This implies, that

α < 10−2, R < 0.2. (8)

The question is, therefore, whether R is driven towards small values during the cosmological

evolution. Furthermore, even if such an attractor exists, it is not clear if the attractor is efficient
enough. To find an answer to these questions, we have numerically solved the equations of motions
for different cases, which we will describe in the next section.

3 Cosmological Evolution

There are different cases to study. For example, there could be no matter on the negative tension
brane or no potentials for the fields. The equations of motion of R and φ show that their evolution
depends on the matter content on the branes. We will assume both radiation and matter on the
positive tension brane and will follow the evolution of the fields during the radiation and matter
dominated epoch for the cases without and with matter on the negative tension brane.

3.1 No matter on the negative tension brane

We assume no potential energy for the fields R and φ. In this case, the evolution of R and φ are
shown in fig. 2 and fig. 3.

During the radiation dominated epoch, the fields φ and R do not evolve strongly. This is
because any time–evolution is sourced by the trace of the energy–momentum tensor, which vanishes
if radiation dominates the expansion. During matter domination, one can clearly see that R is
driven towards small values for a wide range of initial conditions. Also, the evolution of φ does
not strongly depend on the initial conditions. Thus, we conclude that there is an attractor for the
field R, when there is no matter on the second brane.

3.2 Including matter on the negative tension brane

We still assume no potential energy for the fields R and φ. The evolution of R and φ are shown
in figs. 4 and 5.
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Figure 3: Evolution of the field φ during radiation and matter dominated epochs for the case of
no matter on the negative tension brane.
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Figure 4: Evolution of the field R during radiation and matter dominated epochs for the case with
matter on the negative tension brane.
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Figure 5: Evolution of the field φ during radiation and matter dominated epochs for the case with
matter on the negative tension brane.
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We see, that in this case, the attractor is more effective. Thus, in both cases, the field R is

driven towards small values. In [3] we have also included potentials for the fields, which might be
necessary for the theory to be consistent. We refer to [3] for more details.

4 Implications for varying constants

In the Einstein frame, masses of particles vary, because the two scalar fields φ and R couple to the
matter on both branes. Alternatively, it is possible to consider the frame in which the masses of
particles living on the positive tension brane are constant; in that case, the gravitational constant
is time–varying as well as the masses of particles confined on the negative tension brane. These
conclusions are generic for the kind of theories we consider. The constraint (8) ensures that the
time–variation is consistent with current observations. (There are constraints on the amplitude of
R and φ in the early universe from nucleosynthesis. We do not discuss this issue here.)

Is there any time variation for the electromagnetic fine structure constant? As explained in [3],
this is not the case, as long as vector bosons are not coupled to the bulk scalar field (and therefore
to φ and R). Thus, what is needed in order to explain the variation of the fine–structure constant
is a coupling of the form

Sm = −
1

4g2

∫ √
−gBf(R, φ)gµρ

B g
νη
B FµρFνη . (9)

Such a coupling appears naturally in heterotic M–theory, for example [5]. In this theory the bulk
scalar field has an geometrical interpretation: it is a measure of the deformation of a Calabi–Yau
threefold. Generally, one would expect that the function f is a function of the parameter α and
that for α → 0 one has f → 1, because for α = 0 the bulk scalar field decouples from the dynamics
[3]. The attractor behaviour found in the last section implies, that any time–variation of the
gauge–couplings at redshift between 0 and 5 is mainly due to the evolution of φ. The amount of
variation depends on the function f above.

To conclude, the attractor behaviour we have identified might be related to the stabilization of
the moduli fields in brane world scenarios. When the moduli fields are not stabilised, an evolution
of masses or the gravitational constant (depending on the frame) is generally predicted, whereas
an evolution of the fine–structure constant is not generically predicted. Only if vector bosons are
directly coupled to the bulk scalar field one would expect coupling constants to vary. This is the
case in models based on string theory and therefore one would necessary predict a time–variation of
coupling constants as long as the moduli fields are not stabilized at a minimum of some potential.
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